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Abstract

We present results of perturbative calculations of the second harmonic light generated in the transmission of p-polarized
light through a thin metal film with a one-dimensional random surface in the Kretschmann attenuated total reflection (ATR)
geometry. The metal film is deposited on the planar surface of a prism through which the light is incident. The back surface
of the film is a one-dimensional random surface whose generators are perpendicular to the plane of incidence. It is in contact
either with a semi-infinite vacuum or with a semi-infinite nonlinear crystal (quartz). It is shown that when the random
surface separates the metal film from vacuum so that the nonlinearity of the film surfaces gives rise to the harmonic light, for
a general angle of incidence a dip appears in the angular dependence of the intensity of the transmitted harmonic light in the
direction normal to the mean surface. When the second harmonic generation is due to the nonlinearity of the crystal in
contact with the metal film, a peak in the angular dependence of the intensity of the transmitted harmonic light occurs in this
direction. These dips and peaks are multiple-scattering effects. However, when the angle of incidence is optimal for the
excitation of surface plasmon polaritons at the film-vacuum /nonlinear crystal interface the nonlinear mixing of the incident
light and the backward propagating surface plasmon polariton leads to an intense peak in the angular dependence of the
intensity of the transmitted harmonic light in the direction normal to the mean surface. This peak is adready present in the
single-scattering approximation. © 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

Experimental and theoretical studies of second harmonic generation (SHG) of light in reflection from a metal
surface go back at least three decades, to the first experimental observation [1] and the first theoretical
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description of the phenomenon in [2,3]. At this early stage of the studies [2,3] it was established that this
phenomenon is a surface effect. It is therefore very sensitive to anything happening on the surface. In the last
severa years interest in second harmonic generation from a rough metal surface has arisen due to the growing
interest in interference effects occurring in the multiple scattering of electromagnetic waves from randomly
rough metal surfaces and the related backscattering enhancement phenomenon [4]. It has been expected that the
nonlinear optical interactions at a randomly rough metal surface should also produce new features owing to
interference effects in the multiple scattering of electromagnetic waves. The results of a perturbative calculation
carried out by McGurn et al. [5] predicted that enhanced second harmonic generation of light at a weakly rough,
clean, metal surface occurs not only in the retroreflection direction but also in the direction normal to the mean
scattering surface. Interference effects in the multiple scattering of surface plasmon polaritons of the fundamen-
tal frequency, excited by the incident light through the roughness of the surface, are responsible for the
appearance of the peak in the direction norma to the mean surface, while those occurring in the multiple
scattering of surface plasmon polaritons at the harmonic frequency are responsible for the appearance of the
peak in the retroreflection direction.

This work stimulated several subsequent experimental studies of second-harmonic generation in the
scattering of light from random metal surfaces [6—11], and enhanced second harmonic generation peaks in the
direction normal to the mean surface and in the retroreflection direction were observed [6-9,11]. In these
experiments, however, the scattering system was not a clean random interface between vacuum and a
semi-infinite metal. To amplify the second harmonic signal the Kretschmann attenuated total reflection (ATR)
geometry [12] was used. Therefore, the scattering system was the random interface with a dielectric or vacuum
of athin metal film deposited on the planar base of a dielectric prism through which the light was incident. In
the experiments of Refs. [6,7,9] the scattering system was the random interface between a silver film and a
nonlinear quartz crystal, so that the nonlinear interaction occurred in the quartz crystal rather than at the
significantly more weakly nonlinear silver surfaces. A well-defined peak of the second harmonic generation in
the direction normal to the mean interface was observed in transmission in [6]. When the experiment was carried
out with long-range surface plasmon polaritons [13], peaks of the enhanced second harmonic generation were
detected both in the retroreflection direction [7,9] and in the direction normal to the surface in transmission [9].
In Refs. [8,10,11] attempts to detect the peaks of the enhanced second harmonic generation at a silver
film-vacuum interface were made. A well-defined peak in the direction normal to the mean surface was
observed in transmission in [8,11], while only a broad depolarized background, but no peak in the direction
normal to the mean surface, was observed in transmission in Ref. [10]. The peak of the intensity of the
generated light in the direction normal to the mean surface observed in [6,8,9,11] was interpreted as due to the
coherent nonlinear mixing of multiply-scattered contrapropagating surface plasmon polaritons. Asiswell known
[14], the symmetry of the surface nonlinear polarization of a clean metal surface forbids second harmonic
generation due to contrapropagating beams of surface plasmon polaritons. In [8,11] it was argued that the
surface roughness breaks the symmetry and, as a result, makes the second harmonic generation by contrapropa-
gating beams of surface plasmon polaritons possible. We believe that this explanation is incorrect, and present
what we believe to be the correct explanation in the present work.

The main reason for using the Kretschmann ATR geometry in the experiments [6—11] was to excite surface
plasmon polaritons associated with the film-vacuum (film-nonlinear crystal) interface through the ATR
phenomenon, and thus to enhance the field at the metal film-vacuum (or metal film-nonlinear crystal) interface.
For many years this experimental configuration was used to enhance the second harmonic generation in
reflection from a metal surface [15].

If, however, the metal surface is rough the surface plasmon polaritons can be excited through the surface
roughness without a prism coupler. The nonlinear interaction of the excited surface plasmon polaritons with the
incident light also leads to a strong enhancement of the second harmonic generation [5,16,17]. Such processes
lead to strong peaks, up to several orders of magnitude above the background, in the angular distribution of the
intensity of light of frequency 2w in the directions determined by the conditions q=k + ksp(w), where
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q=Qw/0snd, k=(w/c)sinb,, 6; and 6, are the angles of scattering and incidence, and kg (w) is the
wavenumber of the surface plasmon polaritons of frequency o that are excited through the surface roughness.
These peaks arise aready in single-scattering processes, and their positions depend on the angle of incidence.

In the Kretschmann geometry the angle of incidence is tuned so that the surface polaritons on the rough metal
film-vacuum interface or the rough metal film-nonlinear crystal interface are excited efficiently. This means that
k= ksp(w), and the single-scattering peaks move to g = 0, i.e. to the direction normal to the mean surface, and
to g=2kg(w), i.e. to the nonradiative region. Due to the single-scattering origin of the peak in the direction
normal to the mean surface, it could be expected that its intensity is much higher than that of the peak predicted
in [5], which is associated with multiple-scattering processes. As a result, the weak features associated with the
coherent effects in the multiple scattering of surface plasmon polaritons are masked by the strong single-scatter-
ing contribution. The presence of roughness leads also to the excitation of the surface plasmon polaritons
associated with the prism—metal film interface. As a result, two additional strong peaks appear in the angular
distribution of the intensity of the generated light. Their positions are determined by the conditions q=k +
k{P(w), where k{P(w) is the wavenumber of the surface plasmon polaritons associated with the prism—metal
film interface.

In this paper we present results of perturbative calculations of the second harmonic generation of light in
transmission in the Kretschmann ATR geometry when the interface of a thin metal film with vacuum or a
nonlinear crystal is weakly rough. The emphasis will be on the existence of the peak of the enhanced second
harmonic generation in the direction normal to the mean surface, which is due to the interference of
multiply-scattered surface plasmon polaritons of the frequency of the incident light. The results of rigorous
numerical simulations, applicable to more strongly corrugated surfaces, will be presented elsewhere.

2. Formulation of the scattering problem

The physical system we consider consists of a dielectric prism characterized by a positive dielectric constant
€, in the region x; > D, a metal film characterized by an isotropic, complex, frequency-dependent dielectric
function €,(w) = €' (w) + i€"(w) intheregion D > x; > {(x,) and, generally, a nonlinear crystal characterized
by alinear dielectric function €,(w) in the region x,; < £(x,) (Fig. D).

X
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x,=D ! metal film, &,(0) X
1

X3 = C(xl)
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(0,20)

)

t

Fig. 1. The system studied in this paper.
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The surface profile function (x;) is assumed to be a single-valued function of x, that is differentiable as
many times as is necessary, and to congtitute a zero-mean, stationary, Gaussian random process defined by
{L(x)> =0, (2.1a)
CE(x) E(%0)) = 82W(I % — x3l). (2.1b)

The angle brackets in Egs. (2.1) denote an average over the ensemble of redlizations of the surface profile
function, and &= (¢ 2(x,))"/? is the rms height of the surface.
We also introduce the Fourier integral representation of the surface profile function,

(%) =[1§Z(Q)8‘Q“- (2.2)
The Fourier coefficient f (Q) is a zero-mean Gaussian random process defined by

(£(Q) =0, (2.3a)

(L(QL(Q))=2m8(Q+Q)8%g(IQ)), (2.3b)

where g(|Q)), the power spectrum of the surface roughness, is given by

9(1Q) = | dxW(Ixgl)e "%, (2.4)

In this paper we will present results calculated for a random surface characterized by a Gaussian power
spectrum given by

9(IQl) = Vrae 2"/, (2.5)

In our treatment of second harmonic generation we neglect the influence of the nonlinearity on the
fundamental fields (undepleted pump approximation). We treat the nonlinearity of the metal film through
effective nonlinear boundary conditions, while the bulk nonlinearity of the crystal is taken into account through
the solution of the Maxwell equations. Since we study the Kretchsmann ATR geometry, and the surface
roughness is one-dimensional, only p-polarized incident waves are of interest to us. Asis known, the nonlinear
polarization of a metal surface has only p-polarized components independent of whether the incident light is p-
or s-polarized. Therefore, in what follows we assume that a p-polarized plane wave of frequency o is incident
from the prism onto the planar prism—metal interface. The angle of incidence, measured counterclockwise from
the normal to the mean surface is 6,, and the plane of incidence is the x,X,-plane. We first solve the linear
scattering problem, and with its solution in hand we determine the surface and bulk nonlinear polarizations at
the harmonic frequency 2 w. For the sake of simplicity we assume that the orientation of the crystal is chosen so
that the bulk nonlinear polarization in it has a nonzero tangential component [18]

P{N( Xy, %20) = dyy( E2( Xy, X5l ) — E2 (%, %5l0)), (28)

where d,, is the second order nonlinear susceptibility. In solving the scattering problem for the harmonic fields
we will use the nonlinear boundary conditions [19], whose genera form is

HSD( Xy, X320 ), = 0 = HEP (X1, X5l20) 3= 0, 20xy)

2ic oy 1 1
= — ulP®)
(O]

d
b2( %) e w) mHéf)(xl’X3|w)|X3=D,§(X1)d7H£f)(Xl,X3|w)|X3=D’§(X1)
1 1 1

= AP (xRw), (2.79)
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2
(X1)
x3=D.{
P«z

= B(P») o :
(w) x3=D,{(x1)) W} B (X1|2 ), (2.7b)

where d/IN = (—{'(x,)9/9%,,0,d/9x5) is the unnormalized derivative aong the normal to the surface,
d(xy) =[1+ ({'(x))?]*? and the indices p, f, and v denote the fields in the prism, metal film, and vacuum,
respectively. In Egs. (2.7) u{%% are phenomenological nonlinear coefficients at the prism—film (p) and
film-vacuum (v) interfaces, and are to be determined from experimental data or by using some particular model
for the surface nonlinear polarization.

We assume that the metal film-crystal interface is weakly rough and satisfies the condition for the validity of
the Rayleigh hypothesis, |¢'(x,)| < 1 [20-22]. In this case we can seek the x,-component of the magnetic
fields of frequencies w and 2w in the form

X3=D,(x9)

d
ax HE (X xgl)
1

(iH( )(Xq, X5l w)

. . « d S
Hép)( X1,X3|Q) — Hoelkxle—mo(k,!))(xa—D) +f Z_qR(q'Q)equlemo(q,!))(xa—D) (2.8&)
—00 W
in the prism,
H(f (X11X3|-Q) / qul[T(q Q)elal(q D)% 4 T (q Q)e—lal(q .(2)x3] (2.8b)

in the metal film, and
HO(Xy, %51 02) = f Iqxl[T(q Q)e @M% 4 5(q,0[x;)] (2.8c)

in the crystal. In Egs. (2.8) 0 sands for either w or 2w, R(g,£2) and T(q,2) are the scattering and
transmission amplitudes, respectively, aq(q,2) = \e,(2%/¢?) —q*, Reay(q,2)) >0, Im(ay(q,2)) >0,
a(q,2) = \/el((l)(_(zz/cz) - g%, Re(a,(q,2)) >0, Im(a,(q,2)) >0, and a,(q,2)
= /ex(2)(2%/¢%) — g%, Rela(q,2)) > 0, Im( (g, £2))) > 0.

When we consider fields of the fundamental frequency w, H, is the amplitude of the incident field,
k=1/eo (w/C)sind, and ay(k,w) = /ey (w/C)cos, are the tangential and normal components of the wavector
of the incident light, and %(q, w|x3) = 0. For the second harmonic fields H, =0 and %(q,2w|x;) describes
the particular solution of the Maxwell equations in the nonlinear crystal:

2(9.20|X;,) = ~iaa(p )t ax(@=p.e)XT(q—p,w)T(p,0)F(d,p), (2.9)

2cd
wez(w) f 277
where

F(q.p) = (a(P.@) + ay(q=P.@))(P(A~P) — a(P.w) ay(q—P.0)) (2.10)
(eax(pw) +ay(a—p, a))) —a}(9,20)

Since in the experiments [6,8—11] it was the transmitted signal that was measured, we solve the scattering

problem for the transmission amplitude T(q, {2). Using the boundary conditions for the tangential component of

the magnetic field and the tangential component of the electric field across the interfaces at the fundamental and
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harmonic frequencies, we can obtain a single integral equation for the transmission amplitude T(q,{2) that is
analogous to the reduced Rayleigh equation of the scattering problem,

© d
T(0.0) = Gy(a.2) | S0V(dlp.0)T(p.2) +Go(0.0) Q0. 0). (2.11)

where the scattering potential V(qlk,£2) is
a(2) — ()

V(glk,2) = |W[m(q|k,n) +10y(9.2)" @) Pn(alk, 2)], (2.12)
with
gk + a;(q.02) a,(k,2)
m(qlk,2) = (0 0) —ay(K0) I(=(ex(0,02) — ay(k,02))lg - k), (2.13a)
0k — ay(0,42) ap(k,2)
n(qlk,2) = 0.0 T etk I(ax(q,2) + ay(k,2)lq—k), (2.13b)
I(IQ) = [ dxyei¥(e 0w — 1), (2.130)

and where G,(q,{2) is the Green's function associated with a three-layer system with planar interfaces

Gy(k,2) = m, (2.143)
with

Pt = ( ai(k}z(;) " ai(k}z!;) [1+ roa(K)rp(K) €2 DP], (2.14b)
and

ry(q.02) = (a(0.2)6(2) ~o(a.D6(D) 0o, (2.15)

(4(9.2)(2) +;(0.2)g(2))’

The driving term Q(q,{2) in (2.11) has different forms for the fundamental and harmonic fields. For the
fundamental field it is related to the incident field,

Q(q,0) = —2i%tm( k,w)€ % PH 275(q— k), (2.16)
where
ti;(k,02) = 2ol ) (2) i,j=01.2, (2.17)

ou(k,-Q)Gj(-Q) + al(k,n)el(g) [}
so that Gy(g, w)Q(a,w) = Ty(k,w)27w6(q — k), where Ty(k,w) is the Fresnel transmission coefficient for the
layer system

t12( ka(l))toj_( k,w)eial(k,w)D
1 + r12( k,a)) ro]_( k, a)) GZial(krw)D "

To(k,0) = (2.18)
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For the second harmonic field the nonlinear driving source Q(g,2w) has three contributions,
Q(a2w) =QP(g.2w) + Q(a.20) + Q' (q.2w), (2.19)
where Q'P(g,2 w) is associated with the prism—metal film interface
ay(g,2w)

€o

Q( p)(q,zw) - itlo(q,Zw)eial(q’z“’)D( A(p)(q) + B(p)(q))’ (2.20a)

Q“)X(g,2w) is associated with the metal film-crystal interface

- d 1 _

+1y(0,2w) €320 | (¢ (q2w)lq—p)] +iB(p)[I(—ayd2w)lq—Dp)

AO(P)[1(—ax(a2e)la—p)

—r(0,20) €201 (ay(q,20)Iq ~ p)] } : (2.20b)

and Q®®(q,2 w) arises from the nonlinearity of the crystal

) =dp [ 1 a(a—p)
QP(a.20w) = —'f { (2o )(al(q,Zw)er)@( P)[1(-aa20)la-p)
+rp(a.20)1(ay(q2w)lq-p)] + ﬁgﬁ( P)[1(~a(a20)lg-p)

—ru(9.20) 1(ay(0,20)lq - p)]}, (2.22)

where #( p) and 22,( p) are the Fourier components of the driving term in the nonlinear medium and its normal
derivative evaluated at the rough interface, and are given by

2cd o dr e dr’
2(p)= -~ (w)f 27Tf S (as(r,0) +ay(r=r,0) p=1)F(r.r)T(r=r e)T(re),
(2.22)
and
2cd < dr'
.9?’1(p)=| f 27-rf oy —(ay(r,) +ay(r=r,w)lp—r)|ay(r,w) +a(r—r,w)

r( p B r) ! ! !
a(F0) + o —1) F(roe)T(r—r",0)T(r' o). (2.23)
The solution of the reduced Rayleigh equation (2.11) and explicit expressions for the nonlinear driving term are
presented in Appendices A and B, respectively.
The quantity we are interested in is the intensity of the second harmonic light, which we define as the total
power of the harmonic light generated diffusely, normalized by the square of the power of the incident light and
multiplied by the illuminated area S

P2a)
2
(Pin)

P, = S, (2.24)
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where S=L,L,, and L, and L, are the lengths of the surface aong the x;- and x,-axes. If we define the angle
of transmission 6, explicitly by setting q = (}€,(2w) 2w/c)sing,, so that a,(q,2w) = (|/€,(2w) 2w/c)cosb,,
the mean normalized intensity of second harmonic light takes the form

8we, COS¥Y,

L,c?|H,|* cos®,

(1(6,20)incon = [(T(a.20)1*) = KT(a.20))]. (2.25)

3. Results and discussion

In Fig. 2(a), (b), and (c) we present the mean intensity of the second harmonic light, calculated by the use of
the small-amplitude perturbation approach, when p-polarized light is incident through a prism on a one-dimen-

r@
0.3 - 9 _
— S
a 0.4
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5 02| A ]
p L ioz
~ (=)
8 v
S o1l 0.0 L
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Fig. 2. The mean differentia intensity of the second harmonic light as a function of the angle of transmission 6, for the scattering of
p-polarized light through a randomly rough silver film-vacuum interface. The interface roughness is characterized by the Gaussian power
spectrum Eq. (2.5) with § =5 nm and a=113.5 nm. The nonlinear coefficients are given by the free-electron model. The angles of
incidence are (a) 0, = 22°, (b) 6, = 24°, and (c) 6, = 26°. The optimal angle for excitation of surface plasmon polaritons at the film-vacuum
interface is 24°.
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sional, random silver film-vacuum interface, characterized by the Gaussian power spectrum (2.5) with an rms
height 6 =5 nm and a transverse correlation length a = 113.5 nm. The mean thickness of the film is D =55
nm, and the angles of incidence are 6, = 22° (a), 6, = 24° (b), and 6, = 26° (c). The refractive index of the
prismis n, = 2.479, so that the optimal angle for the excitation of surface plasmon polaritonsis 6, = 24°. The
nonlinear coefficients u%% were calculated on the basis of the free-electron model [19].

In Fig. 3(a), (b), and (c) we present the mean intensity of the second harmonic light, calculated by the
perturbative approach, when p-polarized light is incident through a prism on a one-dimensional, random silver
film-quartz interface, characterized by the Gaussian power spectrum (2.5) with an rms height §=5 nm and a
transverse correlation length a = 113.5 nm. The mean thickness of the film is D =55 nm, and the angles of
incidence are 0, =37.2° (a), 6,=39.2° (b), and 6,=41.2° (c). The refractive indices of the quartz are
N(w) = e,(w) =1.536 and n,(2w) = /e,(2w) = 1.542, and the optimal angle for the excitation of surface
plasmon polaritons is 6, = 39.2°.

<1020, X 107

(b)

1.0 B

<10 20)>,,, X107
o
[$)]
T

0.0 S S S S S T S S S R S S .—
———T
() ]
S 10t .
> L
g F
ey 0.5 -
< L
0_0- P S SR S S S .W| P IS S '
-5.0 -25 0.0 25 5.0

6, [deg]

Fig. 3. The mean differentia intensity of the second harmonic light as a function of the angle of transmission 6, for the scattering of
p-polarized light from a randomly rough silver film-nonlinear quartz interface, whose roughness is characterized by the Gaussian power
spectrum Eq. (2.5) with 6 =5 nm and a=113.5 nm. The nonlinear susceptibility of the crystal is d;; = 0.93%x10~° esu. The angles of
incidence are (a) 6, = 37.2°, (b) 6,=39.2°, and (c) 6,=41.2°. The optimal angle for excitation of surface plasmon polaritons at the
film-quartz interface is 39.2°.
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To analyze the main features of the angular dependence of the intensity of the generated light we need
explicit expressions for the different contributions to the mean differential intensity of the harmonic light. The
effects of the multiple scattering of surface plasmon polaritons of frequency w, which are of interest to us here,
are contained in the the nonlinear driving term Q(q,£2) on the right hand side of Eq. (2.11) evaluated at
0 =2w. The integral term in Eqg. (A.13) of Appendix A describes the multiple scattering of the waves of
frequency 2w and, in particular, contains the effects of the multiple scattering of surface plasmon polaritons of
frequency 2 w. Since these effects do not include the pesk in the direction normal to the mean surface, which is
of primary interest to us here, we omit their contribution to the mean differential intensity < 106,12 @)} incon. Since
al three contributions to Q(q,2w), Eg. (2.19), contain the product of the transmission amplitudes
T(p,w)T(P,w), by using the expression for the transmission amplitude T(g, w) =7 o(k,w)H[278(q — k) +
G(q, w)t(qlk)] (see, Eqg. (A.9)) we can subdivide each term in Q(g,2 w) into three contributions with different
physical meanings. The first contributions to Q‘P""(q,2w), which contain only the product of &-functions,
(27)%(p — k)8( p' — k), describe the nonlinear mixing of the fields of frequency w which would be specular if
the film-crystal interface were planar. The parts of Q‘P*"®X(q,2 ) that contain the product of a 8-function and a
term with the Green's function, 278(p — K)G(p',2)t(p'|k) + 276(p' — K)G( p,2w)t( plk), describe the
interaction of the ‘ specular’ and scattered fields, including the nonlinear mixing of the excited surface plasmon
polaritons with the incident light. Finally, the parts of Q‘P*'?)(q,2 w) which contain the product of two Green’s
functions, G( p,2w)t( plk)G( p',2w)t( p'|k), describe the nonlinear mixing of the scattered fields, and include
the mixing of co- and contrapropagating surface plasmon polaritons. According to the classification we have just
given we separate explicitly these three contributions to the nonlinear driving source, and include al the
roughness induced corrections to them into the additional source function #,.(q,2w), so that we obtain

w

Q(9.2w) = 2—iCYoz(k,w) Hoz[Fo(k)ZwS(q— 2k) + I'(9,k)G(a—k)t(q—klk)
= d
+f7wﬁ 2(9,P)G(a—Pp,@)G(p,@)t(q - plk)t( plk) +Ex(q.20) |, (3.1)

where the nonlinear coefficients I, are given by I = yP + v + v, and the explicit expressions for
y{(P:P) are presented in Appendix B. The most resonant contributions to the intensity of the harmonic light
have the form

512(.03 . 2 2 4
((B2w) Yres = 7|tlo(k,w)e2'“1(k'"’)f’| c05%0,005%0,|G( 9,2 ) IIG(k,w)|*|
€o

X

ITy(9.k)*IG(a— k)|’ (q—Klk)
) dp ) ,
+/_xz|rz(q,p)| IG(q—p,w)G( p,w)lr(q—plk)r( plk)|, (32)

where we have defined {t(qglk)t*(plk)) = 276(q— p)r(glk), and 7(glk) is the averaged reducible vertex
function that can be calculated by using, for example, the pole approximation for the Green's function [4].
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The presence of the Green's functions |G(q,2w)|* and |G(k,w)|* in Eq. (3.2) leads to the amplification of
nonlinear processes at the metal film-crystal interface in the Kretschmann geometry [23], because the Green's
function G(q,2w) has poles at the wavenumbers of the surface plasmon polaritons, k,(2w), and G(k, ») has
poles at the wavenumbers of the surface plasmon polaritons, ksp(w). Thus, when the angle of incidence is the
optimal one for the excitation of surface plasmon polaritons the enhancement of the intensity of the second
harmonic light can reach several orders of magnitude compared with that for scattering from a single surface.
This is true for both the coherent and incoherent parts of the intensity. When the angle of scattering is the
optimal one for the detection of surface plasmon polaritons of frequency 2w resonance enhancement of the
intensity can also occur [24]. However, this enhancement can be observed only in the intensity of the reflected
light.

The second interesting feature of Eq. (3.2) is the presence of the term that contains the factor |G(q — k, »)|?.
This term describes the second harmonic generation due to the nonlinear mixing of the incident light with the
surface plasmon polaritons which are excited due to the surface roughness. Its presence leads to the appearance
of strong resonant pesks at q=k + ksp(w) and q=k+ kgg»(w). This is the origin of the pesk of the strong
enhancement of second harmonic generation in reflection from a randomly rough metal surface that was first
observed in [16], and analyzed by Deck and Grygier [17] in the framework of the first order perturbation theory
in the small roughness. These peaks of the enhanced second harmonic generation are due to the resonant
interaction of the incident light and forward /backward propagating surface plasmon polaritons excited in a
single scattering event. No interference effects are involved in the formation of the peaks. The main reason for
using the Kretschmann geometry in the experiments [6,8—-11] was to excite surface plasmon polaritons
associated with the metal—vacuum (metal—nonlinear crystal) interface through the ATR phenomenon. Thus, the
angle of incidence was tuned so that k = kq,(w). In this case the peaks due to the poles of G(q — k, ) move so
that the peak due to the mixing of the incident light with the forward propagating surface plasmon polariton
moves into the nonradiative region, while that due to the mixing of the incident light with the backward
propagating surface plasmon polariton moves to the direction of the normal to the mean surface, g = k — k()
= 0. The strength and the shape of the peak is determined by the effective nonlinear coefficient I',(qg,k). In the
case when the nonlinearity of the system is due to the film interfaces only, this effective nonlinear coefficient is
linear in q for small g. This is the result of the symmetry of the surface nonlinear polarization that forbids
second harmonic generation by contrapropagating surface plasmon polaritons [14]. Since in the case where the
angle of incidence is optimal for exciting surface plasmon polaritons the incident light is the surface plasmon
polariton propagating in the forward direction, its nonlinear mixing with the scattered surface plasmon
polaritons propagating in the backward direction is forbidden by this symmetry. As a result, the resonant peak
has an antiresonant shape. The width of the peak is determined by the decay rate of the surface plasmon
polaritons on the rough interface IM(ky,(w)) = A (@) = A () + Ag(w), where A () is the decay rate of
the surface plasmon polaritons of frequency » due to ohmic losses, while A _(w) is their decay rate due to their
roughness-induced scattering into other surface plasmon polaritons.

The effects of the multiple scattering of surface plasmon polaritons are contained in the function 7(qlk). As
was shown in [4,25,26], because our scattering system supports two surface plasmon polaritons at the frequency
w, the function 7(glk) contains a superposition of two Lorentzian peaks centered at g+ k= 0 (enhanced
backscattering) with halfwidths A, (w)and AR (w). It adso contains Lorentzian peaks centered at q+ k +
(kg @) — kiP(w)) = 0 (satellite peaks) with a half-width A, (w) + AR w). In these results AY(w) is the
decay rate of the surface plasmon polariton associated with the prism—metal interface. Therefore, 7(q — k|k)
entering the second term in Eq. (3.2) has a peak at q = 0. Since this contribution arises due to the nonlinear
mixing of the incident and scattered waves, it describes the coherent generation of the second harmonic light by
the incident and backscattered radiation, enhanced due to the multiple scattering of surface plasmon polaritons
by the roughness.

The strongest contribution associated with the multiple scattering of surface plasmon polaritons of frequency
® comes, however, from the second term in Eg. (3.2), which describes the nonlinear mixing of the
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multiply-scattered surface plasmon polaritons of frequency o propagating in opposite directions. In the pole
approximation for the Green’s function [4,25] this contribution has the form

C4( w) 1
A @) q° + 4A2tot( w)

512 w® 2iaikw)D|? ) )
(1(Rw)Yres = Whlo(k,w)e (k@) | IG(0,2w)I°IG(K, )|
0

X [115( 0 k(@))% (ke @) 1K) 7 (0= kg @)K) + 1 T( 0, = ke @) (— kg @)IK)

X 7(q+ kg (@)IK)| + CA(@) AR (w) . [11,(q.k® ()P

2+ 4(AR ()
X 7(kP(0)Ik)7(q— kP (0)lk) +[1,(q,— kP (w))

x7(—k@(w)|k)7(q+kP(w)K)]}, (3.3)

where C(w) and C(w) are the residues of the Green's function at the poles +kgy(w) and +k{P(w),
respectively. We have not included in Eqg. (3.3) the contribution from the possible satellite peaks [26], since their
positions are far from the direction normal to the mean surface. As expected, the result given by Eq. (3.3)
contains Lorentzian factors centered a gq= 0. However, the efficiency of the nonlinear mixing of the
contrapropagating surface plasmon polaritons is determined by the effective nonlinear coefficients I',(q, +
ko)) and I')(g, + k{P(w)). In the case where the nonlinearity of the system is due to the film interfaces only,
these effective nonlinear coefficients are linear in g for small . Thisis the manifestation of the well known fact
that the symmetry of the nonlinear polarization of a metal surface forbids such processes [14]. As a result, the
contribution given by Eq. (3.3) displays a dip rather than a peak in the direction normal to the mean surface.
The depth of this dip depends strongly on the values of the material parameters and the angle of incidence of the
fundamental light. However, when the metal film isin contact with a nonlinear quartz crystal, a suitable choice
of the orientation of the crystal [18] makes possible second harmonic generation by contrapropagating surface
plasmon polaritons, and a peak of the enhanced second harmonic generation occurs in the direction normal to
the mean surface.

Recently the first experimental studies of multiple-scattering effects in the second harmonic generation of
light scattered from a clean one-dimensional vacuum-metal interface were carried out in a series of papers by
O'Donnell and his colleagues [27—29]. It was found that, for weakly rough silver surfaces a dip is present in the
retroreflection direction in the angular dependence of the intensity of the scattered second harmonic light rather
than the peak that occurs in scattering at the fundamental frequency [27,29], while no well-defined peak or dip
in the direction normal to the mean surface was observed [28]. In the latter experiment the random surfaces were
fabricated in a special way to produce a strong excitation of surface plasmon polaritons of the fundamental
frequency, propagating in both the forward and backward directions. The results of Ref. [28] suggest a surface
nonlinear polarization of a form different from those usually used in studies of second harmonic generation in
scattering from an isotropic metal surface. The possible anisotropy of the surface could be the reason for the
absence of the dip in the direction normal to the mean surface. If, for some reason, the nonlinear surface
polarization is such that no peak or dip in the direction normal to the mean surface, which is due to the multiple
scattering of surface plasmon polaritons by the surface roughness, can be formed, in this case in experiments in
the Kretschmann geometry the resonant peak at gq= 0 will also be absent. Finally, the different qualitative
results of [8,11] and [10] suggest that the mechanism for the nonlinear polarization might be different for the
strongly rough surfaces studied in [8,11] and for the weakly rough surfaces studied in [10]. As an example, in
Fig. 4 we present the mean intensity of the second harmonic light, calculated by the small-amplitude
perturbation approach, assuming that the surface nonlinearity arises from a thin subsurface layer of the metal
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Fig. 4. The mean differentia intensity of the second harmonic light as a function of the angle of transmission 6, for the transmission of
p-polarized light through the same film as in Fig. 2, but for the case where the surface nonlinear polarization has an artificial nature that is
described in the text. The inset presents the contribution to {1(6,/2®)»incon from double-scattering processes only. The angles of incidence
are (a) 6,=235°% (b) 6,=24° and (c) 6, = 24.5°. The optima angle for excitation of surface plasmon polaritons at the film-vacuum
interface is 24°.

film, or from a monolayer of nonlinear molecules covering the metal film. In either case the surface nonlinear
polarization is associated not with the surface itself but is given by the * bulk’ nonlinear polarization of the layer,
which is assumed to be given by Eq. (2.6). In this case both the nonlinear mixing of the incident light with the
backward propagating surface plasmon polariton and the nonlinear mixing of the multiply-scattered surface
plasmon polaritons lead to the appearance of the peak in transmission in the direction normal to the mean
surface.

4. Conclusions

In this work we have discussed the second harmonic generation of light in transmission in the Kretschmann
ATR geometry, in the case where a metal film-vacuum or a metal film-nonlinear quartz crystal interface is
weakly rough. We have analyzed the origin of the peak of the enhanced second harmonic generation observed in
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the direction normal to the mean surface in [6,8,11]. We have shown that in the case where the metal filmisin
contact with vacuum, so that the nonlinearity of the film surfaces gives rise to the harmonic light, the
interference effects in the multiple scattering of surface plasmon polaritons lead, due to the symmetry of the
nonlinear polarization, to the appearance of a dip rather than a peak in the direction normal to the mean surface.
When the second harmonic generation is due to the nonlinearity of the crystal adjacent to the metal film a peak
of the enhanced second harmonic generation occurs in this direction.

However, when the angle of incidence is chosen to be optimal for the excitation of surface plasmon
polaritons localized at the film-vacuum /nonlinear crystal interface, a much stronger mechanism leads to the
appearance of a peak of the enhanced second harmonic generation in the direction normal to the mean interface.
It is the nonlinear mixing of the incident light, which in this case is the resonantly excited surface plasmon
polariton, and the backward-propagating surface plasmon polariton excited through the roughness that forms the
peak. No interference effects are involved in the formation of the peak. Since this peak appears aready in the
single-scattering processes, it is considerably stronger than the weak features associated with multiple scattering.
When the angle of incidence is shifted from the optimal one, the peak moves away from the direction normal to
the mean interface, so that the weak peak /dip which is due to the multiple-scattering effects, can be observed.
However, the efficiency of second harmonic generation decreases considerably as the angle of incidence shifts
from the optimal one.
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Appendix A.

To solve the linear scattering problem we seek the solution of Eg. (2.11) in the form
ay(K, o)
€ w)
where we have introduced the Green's function G_(g|k) associated with the randomly rough interface between

the vacuum and the metal that is the solution of the equation
G,(aqlk) =G(q,w)2m8(q—k) + G(q,w)t(qlk)G(k,w). (A2)

In Eg. (A.2) G(q,w), defined by (G, (qlk)) = 276(q — k)G(g,w), is the averaged Green's function and is
given by

T(g,0) = —2iHG,(qlk) tor( K, ) e *tke)d (A1)

G(q,w) =2mw8(q—k)

Gol(k,w) —M(k,w) "’ (A3)

where M(k, o) is the averaged proper self-energy. The latter is given by
(M(qlk)) =278(q—k)M(k,w), (A4)
where the (unaveraged) proper self-energy M(q|k) is the solution of [25]

= d
M(alk) =V(q.klw) +f_m£lvl(ql P)G( p,w)W( p.Klw), (A.5)
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and we have introduced the notation

W(a.klw) =V(q.klw) = (M(qlk)). (A.6)
The operator t( p|r) in Eq. (A.2) was introduced to satisfy
~ d
[ ST W(a,pl0)G( plk.@) = (alk)G(K,0), (A7)

and is the solution of the equation

w dp e dr
t(alk) =W(aklw) + [ —=[ ——W(a,ple)G(p.w)t( plk). (A8)
From Eqg. (A.2) it follows that (t(glk)) = 0. The transmission amplitude T(q,w) in terms of the averaged
Green's function G( p,w) and the operator t_(qg|k) is then given by
T(q,0) =T 4(k,w) Ho[278(q— k) + G(q,)t(qlk)], (A9)
where

(k

o W )
To(K,w) = —2i06—t10(k,w)e‘“l(k’“)DG(k,w). (A.10)
0

Having in hand the solution for T(q, ) we can calculate the fields of frequency w in the prism and in the metal
film and, consequently, the nonlinear driving term of frequency 2 w.

In the same manner we can seek the solution of the nonlinear scattering problem. If we now introduce a new
unknown function S(ql2k) by the equation

» d
T(0.20) = iGy( p.20)Q(a20) +iGy(a20) | - S( pla)Gy(0.20)Q(a20). (A11)

it follows from Eq. (2.11) that the function S(q| p) satisfies the equation

» d
S(alp) =V(aqlp2w) + /ﬁwz—;v(qlr,Zw)Go(r,Zw)S(rI p). (A.12)

The amplitude S(g| p) describes the multiple scattering of electromagnetic waves of frequency 2 w, including
the scattering of surface plasmon polaritons of frequency 2w. It can be rewritten in terms of the Green's
function associated with the rough interface of the metal film exactly as this was done for the fundamental
fields. As aresult we obtain the following expression for the transmission amplitude

= d
T(p2w) =iG(p.2w)Q(p.2w) +iG( p.2w)f7m£tzm( pla)G(9.20)Q(q.2w). (A.13)

Appendix B.

In this appendix we present the explicit expression for the effective nonlinear coefficients (P2,
ag(2k,2w) a(k,w)

€ €1(W)

¥5P(K) = tlo(zk.Zw)eml@W’{ Pk (0T (K)

1

_2k{Mgp)k2ff(k)+Mgp>(%) fz(k)H (B.1)
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) R o rm(q,zw)eZ‘“ﬂq'M)}[F(q,k) +F(a.a-K)],
(B.10)
(= g ey 1+ radazmren)
ay( p,w)ej(;j)q —P.@) (1- rOl(q,Zw)eZial(q*z"’)D)} F(q.p). (B.11)
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